We investigate the phase diagram and finite-temperature transitions of three-dimensional scalar SO(Nc) gauge theories with N f ≥ 2 scalar flavors. These models are constructed starting from a maximally O(N )-symmetric multicomponent scalar model (N = NcN f ), whose symmetry is partially gauged to obtain an SO(Nc) gauge theory, with O(N f ) or U(N f ) global symmetry for Nc ≥ 3 or Nc = 2, respectively. These systems undergo finite-temperature transitions, where the global symmetry is broken. Their nature is discussed using the Landau-Ginzburg-Wilson (LGW) approach, based on a gauge-invariant order parameter, and the continuum scalar SO(Nc) gauge theory. The LGW approach predicts that the transition is of first order for N f ≥ 3. For N f = 2 the transition is predicted to be continuous: it belongs to the O(3) vector universality class for Nc = 2 and to the XY universality class for any Nc ≥ 3. We perform numerical simulations for Nc = 3 and N f = 2, 3. The numerical results are in agreement with the LGW predictions.
I. INTRODUCTION
Global and local gauge symmetries play a crucial role in theories describing fundamental interactions [1] and emerging phenomena in condensed matter physics [2] . Interacting scalar fields with local gauge symmetries provide paradigmatic examples for the Higgs mechanism at the basis of superconductivity [3] and of the Standard Model of the fundamental interactions [4] . In condensed matter physics, they may be relevant for systems with emerging nonabelian gauge symmetries, see, e.g., Refs. [5, 6] . The interplay between global and local gauge symmetries turns out to be crucial to determine their phase diagram, the nature and universality classes (if the transition is continuous) of their thermal and quantum transitions.
These issues have been recently investigated in multicomponent lattice Abelian-Higgs models [7, 8] and in multiflavor lattice scalar models with SU(N c ) gauge symmetry [9] [10] [11] [12] . For three-dimensional (3D) systems, the nature of the phase transitions turns out to be effectively described by Landau-Ginzburg-Wilson (LGW) Φ 4 theories based on a gauge-invariant order-parameter field, that have the same global symmetry as the lattice model. The LGW approach is expected to be effective when the gauge interactions are short-ranged at the transition and can therefore be neglected in the effective model that encodes the long-range modes. In the opposite case, when gauge correlations become critical as well, other theories may be more appropriate, such as continuum gauge theories in which gauge fields are explicitly present.
In this paper we return on this issue, to deepen our understanding of the role that global and local nonabelian symmetries play in determining the main features of the phase diagram and the nature of the phase transitions. For this purpose, we consider a multiflavor 3D lattice scalar model characterized by an SO(N c ) gauge symmetry and an O(N f ) global symmetry, using the standard Wilson formulation [13] . The model is defined starting from an O(N )-symmetric scalar model with N = N f N c . The global O(N ) symmetry is partially gauged, obtaining a nonabelian gauge model, in which the fields belong to the coset S N /SO(N c ), where S N = SO(N )/SO(N −1) is the N -dimensional sphere.
In this paper, we shall show that the phase diagrams of multiflavor lattice SO(N c ) gauge models present two phases, which can be characterized by using a ranktwo real order parameter, whose condensation breaks the global symmetry. To identify the nature of the phase transition, which separates the two phases, we consider two different field-theoretical approaches: the effective LGW theory, based on a gauge-invariant order-parameter field, and the continuum multiflavor scalar SO(N c ) gauge theory with explicit nonabelian gauge fields. Their predictions are compared with numerical Monte Carlo (MC) results. As it was the case for the multiflavor lattice scalar chromodynamics characterized by an SU(N c ) gauge symmetry [9, 10] and for the multicomponent lattice Abelian-Higgs model with U(1) gauge symmetry [7] , a detailed finite-size scaling (FSS) analysis of the numerical results supports the LGW predictions. We recall that an analogous LGW approach was originally used to predict the nature of the finite-temperature phase transition of hadronic matter in the limit of massless quarks, implicitly assuming that the SU(3) gauge modes are not critical [14] [15] [16] .
The paper is organized as follows. In Sec. II the lattice model is introduced, with a discussion of its global and local symmetry. In Sec. III we define the LGW Φ 4 theory appropriate for the model and the continuum scalar SO(N c ) gauge theory and discuss their predictions for the nature of the transitions. In Sec. IV we report MC results for N c = 3 and N f = 2, 3, and the FSS analyses that we perform to ascertain the nature of the phase transitions. Finally, we summarize and draw our conclusions in Sec. V.
II. THE LATTICE MODEL
We consider a 3D lattice model defined in terms of N c × N f real matrix variables ϕ af x associated with each site x of a cubic lattice. We start from a maximally symmetric model with action
where the first sum is over the lattice links, the second one is over the lattice sites, andμ =1,2,3 are unit vectors along the three lattice directions. In this paper we consider unit-length variables satisfying
so that the action is simply
Formally, the model can be obtained setting r = −u, and taking the limit u → ∞ of the potential (2). Models with actions (1) and (4) 
We now proceed by gauging some of the degrees of freedom: we associate an SO(N c ) matrix V x,µ with each lattice link and extend the action (4) to ensure SO(N c ) gauge invariance. We also add a kinetic term for the gauge variables in the Wilson form [13] . We thus obtain the model with action
and partition function
Note that, for γ → ∞, the product of the gauge fields along a plaquette converges to one. This implies that V x,µ = 1 modulo a gauge transformation. Therefore, in the γ → ∞ limit we reobtain the O(N ) invariant theory (4) we started from. For any value of N c and N f , S g is invariant under the local gauge transformation ϕ
For N c = 2 the global symmetry is actually larger than O(N f ). We write V x,µ ∈ SO(2) as
we define a complex N f -dimensional vector
which satisfiesz x · z x = 1 because of Eq. (3), and the U(1) link variable λ x,µ ≡ e iθx,µ . In terms of the new variables, the lattice action (6) becomes
−γ
This is the action of the N f -component lattice Abelian-Higgs model, which is invariant under local U(1) and global U(N f ) transformations. There is therefore an enlargement of the global symmetry of the model: the global symmetry group is U(N f ) instead of O(N f ). The phase structure of the Abelian-Higgs model (10) has been studied in detail in Ref. [7] . Therefore, in this work we will focus on the behavior for N c ≥ 3.
It is interesting to note that one can consider more general Hamiltonians that have the same global and local invariance. Indeed, one can start from a Hamiltonian in which the potential is any O(N f )-invariant function of ϕ t ϕ. For instance, if we only consider quartic potentials in ϕ x , we can take
If we consider this class of more general Hamiltonians, there is no enlargement of the symmetry from O(N f ) to O(N ) in the limit γ → ∞, in which gauge degrees of freedom are frozen. Moreover, for N c = 2, the symmetry enlargement from O(N f ) to U(N f ) does not occur.
Since the global symmetry group O(N f ) corresponds to SO(N f ) × Z 2 , there is the possibility of breaking separately the two different groups. In this work we will focus on the breaking of the SO(N f ) subgroup, which, by analogy with our results for complex U(N f ) invariant gauge models [10] , is expected to be the only one occurring in the model with action (6) . However, the Z 2 symmetry may play a role in more general models, for instance in those with action (11) , in which the breaking of both the Z 2 and the SO(N f ) subgroups may occur. Note that the presence of two possible symmetry breaking patterns is related to the fact that the gauge symmetry group is SO(N c ). Had we considered an O(N c ) gauge invariant model, we would have only an SO(N f ) global invariance.
The natural order parameter for the breaking of the SO(N f ) global symmetry group is the gauge-invariant real traceless and symmetric bilinear operator
which is a rank-2 operator with respect to the global O(N f ) symmetry group. As we shall show, the phase diagram of the model (N c ≥ 3) presents two different phases, separated by a phase-transition line associated with the condensation of the bilinear Q.
We finally mention that, for N f = 1, the phase diagram of the lattice scalar SO(N c ) gauge model (6) is expected to show only one phase. This can be easily verified for γ = 0. In this case the N f = 1 model is trivial and cannot have any phase transition.
III. EFFECTIVE FIELD THEORIES

A. The LGW field theory
To characterize the finite-temperature transitions of scalar SO(N c ) gauge theories, we consider the LGW approach [17] [18] [19] [20] . We start by considering an order parameter that breaks the global symmetry of the model. For N c ≥ 3, the global symmetry group is O(N f ) and an appropriate order parameter is the bilinear tensor Q x defined in Eq. (12) . The corresponding LGW theory is obtained by considering a real symmetric traceless N f × N f matrix field Φ(x), which represents a coarse-grained version of Q x . The Lagrangian is
where the potential is the most general O(N f )-invariant fourth-order polynomial in the field. The Lagrangian (13) is invariant under the global transformations
The renormalization-group (RG) flow of model (13) has been already discussed in Ref. [21] . For N f = 2 the cubic term vanishes and the two quartic terms are proportional, so that we obtain the two-component vector Φ 4 action. Therefore, for N f = 2 the system may undergo a continuous transition in the XY universality class. For N f > 2 the cubic term is generically present. Assuming that the usual mean-field arguments, valid close to four dimensions, apply also to the three-dimensional case, only first-order transitions are expected. A continuous transition is only possible if the Hamiltonian parameters are tuned or an additional symmetry is present, so that the cubic term vanishes. If this occurs, we obtain the LGW model discussed in Ref. [21] , in the context of the antiferromagnetic RP N f −1 model. In particular, for N f = 3, the LGW theory is equivalent to that of the O(5) vector model [21, 22] , so that continuous transitions in the O(5) universality class may occur.
The previous conclusions also hold for N c = 2 for generic actions with SO(N f ) global symmetry, for instance for the action (11) . On the other hand, for our model (6) the previous results do not hold for N c = 2, because of the symmetry enlargement to U(N f ). In this case the LGW field is a Hermitean traceless N f × N f matrix field [23, 24] with a Lagrangian that is the analogue of the one considered here, Eq. (13) . Its RG flow predicts that [7] the transition can be continuous for N f = 2, in the O(3) vector universality class, while it is of first order for N f ≥ 3.
The above-reported discussion applies to any model in which the global symmetry group is SO(N f ) and the order parameter is a real operator that transforms as a rank-two tensor under SO(N f ) transformations. Therefore, the results apply to other scalar models and, in particular, to scalar SU(2) gauge theories with scalar fields in the adjoint representation, which have been recently considered to describe the critical behavior of cuprate superconductors for optimal doping [6, 11] . In these theories the fundamental fields are N h Higgs fields transforming under the adjoint representation of SU (2)
where τ a ≡ σ a /2, σ a are the Pauli matrices and f = 1, ..., N h . In the fixed-length limit Tr[φ t
x φ x ] = 1, the lattice action is [11, 25] 
where U x,µ are SU(2) link variables. For any N h , the action S h is invariant under the local SU(2) gauge trans- (2), and under the global transformation
The appropriate order parameter is again a gauge-invariant operator which transforms as a rank-two traceless real tensor with respect to the global O(N h ) symmetry,
The corresponding LGW action is again Eq. (13). Therefore, for N h = 2 transitions associated with the breaking of the O(N h ) symmetry may be continuous in the XY universality class. For N h ≥ 3 only first-order transitions are possible.
B. The continuum scalar SO(Nc) gauge theory
The continuum scalar SO(N c ) gauge theory provides another effective theory for the lattice model (6) . Its Lagrangian is obtained by considering all monomials up to dimension four, which can be constructed using the scalar field Φ af (with a = 1, ..., N c and f = 1, ..., N f ). Gauge invariance is obtained as usual, by adding a gauge field A µ,ab ≡ A k µ T k ab , where the matrices T k are the generators of the SO(N c ) gauge algebra. The Lagrangian reads [26, 27] 
where F µν is the non-Abelian field strength associated with the gauge field A µ,ab .
To determine the nature of the transitions described by the continuum SO(N c ) gauge theory (17), one studies the RG flow determined by the β functions of the model. In the ǫ-expansion framework, the one-loop MS β functions control the RG flow close to four dimensions. Introducing the renormalized couplings u, v, and α = g 2 , the one-loop β functions are (see Ref. [26] for the exact normalizations of the renormalized couplings)
where ǫ ≡ 4 − d. Note that for N c = 2 the β functions β u and β α for v = 0 map exactly onto those of the Abelian-Higgs model [7, 28] , after an appropriate change of normalization of the couplings. We recall that the RG flow of the Abelian-Higgs theory has a stable fixed point only for large N f , i.e. N f > 90 + 24 √ 15 + O(ǫ). The RG flow described by the β functions (18) generally predicts first-order transitions, unless the number of flavors is large. In particular, one can easily see that the RG flow described by the β functions (18) cannot have stable fixed points for
for which the fixed points must necessarily have α = 0, at least sufficiently close to four dimensions. The fixed points with vanishing gauge coupling α = 0 are always unstable with respect to the gauge coupling, since their stability matrix Ω ij = ∂β i /∂g j has a a negative eigenvalue
A more careful analysis shows that, for any N c , a nontrivial stable fixed point (with nonzero values of all couplings) exists only for sufficiently large N f [26, 27] . This result is also confirmed by three-dimensional large-N f computations for fixed N c [26] . Therefore, continuous transitions are only possible for a large number of components.
The above results contradict the LGW predictions. For N f = 2 the continuum theory predicts a first-order transition, while, according to the LGW analysis, XY continuous transitions are possible. Vice versa, for large N f continuous transitions are possible according to the continuum theory, but not on the basis of the LGW analysis. We note that analogously contradictory results were obtained for the Abelian-Higgs model [7] and the scalar chromodynamics [9] .
Note that, unlike the LGW theory (13), the RG flow of the continuum scalar SO(N c ) gauge theory (17) presents an unstable O(N ) fixed point with N = N f N c , which describes the critical behavior of the lattice model (6) in the γ → ∞ limit. This is located at
One can easily show that this fixed point is always unstable, even in the absence of gauge interactions. The perturbation associated with the coupling v is a spin-four perturbation at the O(N ) fixed point, which is relevant for any N ≥ 3 [29, 30] . Moreover, also the gauge perturbation associated with the coupling α is relevant, as it is associated with a negative eigenvalue λ α = −ǫ + O(ǫ 2 ) of the stability matrix, see Eq. (20) .
IV. NUMERICAL RESULTS
In this section we report numerical results for the lattice scalar SO(3) gauge theory with two and three flavors. We consider cubic lattices of linear size L with periodic boundary conditions. To update the gauge fields we use an overrelaxation algorithm implemented a la Cabibbo-Marinari [31] , considering three SO(2) subgroups of SO(3). We use a combination of biased-Metropolis updates 1 and microcanonical steps [33] in the ratio 1:5. For the update of the scalar fields a combination of Metropolis and microcanonical updates is used, with the Metropolis step tuned to have an acceptance rate of approximately 30%.
A. Observables and analysis method
We consider the energy density and the specific heat, defined as
where V = L 3 . To study the breaking of the O(N f ) flavor symmetry, we consider the order parameter Q x defined in Eq. (12) . Its two-point correlation function is defined by
where the translation invariance of the system has been explicitly taken into account. We define the corresponding susceptibility χ and correlation length ξ as
where G(p) = x e ip·x G(x) is the Fourier transform of G(x) and p m = (2π/L, 0, 0). At continuous transitions, RG-invariant quantities, such as the Binder parameter
and
(which we generically denote by R), are expected to scale as [34] R(β, L) = f R (X) + L −ω g R (X) + . . . ,
where X = (β − β c )L 1/ν and next-to-leading scaling corrections have been neglected. The function f R (X) is universal up to a multiplicative rescaling of its argument, ν is the critical exponent associated with the correlation length, and ω is the exponent associated with the leading irrelevant operator. In particular, U * ≡ f U (0) and R * ξ ≡ f R ξ (0) are universal, depending only on the boundary conditions and aspect ratio of the lattice. Since R ξ defined in Eq. (26) is an increasing function of β, we can write
where F U now depends on the universality class, boundary conditions and lattice shape, without any nonuniversal multiplicative factor. The scaling (28) is particularly convenient to test universality-class predictions, since it permits easy comparisons between different models without requiring a tuning of nonuniversal parameters. In the following we will show that the critical behavior along the phase transition line of two-flavor SO(3) gauge [35] , from MC simulations [36] and the conformalbootstrap approach [37] . See Ref. [34] for earlier theoretical estimates and experimental results. We report the correlation-length exponent ν, the order-parameter exponent η, the exponent ω (associated with the leading scaling corrections), and the universal quantities R * ξ and U * (large-L limits of R ξ and U at the critical point, for cubic lattices with periodic boundary conditions). models belongs to the XY universality class, by verifying that the asymptotic FSS behavior of U versus R ξ , see Eq. (28) , matches that obtained for the XY model. On the other hand, for N f = 3, we will show that Eq. (28) is not satisfied-the data of U do not scale on a single curve when plotted versus R ξ . This can be taken as evidence that the transition is of first order, a conclusion that will be also confirmed by the two-peak structure of the distributions of the energy.
B. The two-flavor lattice SO(3) gauge model
We now present numerical results for the two-flavor SO(3) gauge model (6) , showing that it undergoes continuous transitions in the 3D XY universality class, as predicted by the corresponding LGW theory. Some accurate results for the universal quantities of the 3D XY universality class are reported in Table I. To begin with, we present results for γ = 0. In Fig. 1 (6) with N f = 2 and γ = 0. The dotted line corresponds to R ξ = 0.5924, which is the critical value for the XY universality class, see Table I . (6) with N f = 2 and γ = 0. We use ν = 0.6717, the value for the XY universality class, see Table I .
we show the estimates of R ξ for different values of L and β. The data sets for different values of L clearly display a crossing point, which provides an estimate of the critical point. The data are consistent with the predicted XY behavior. Indeed, the data close to the crossing point nicely fit the simple biased ansatz
where ν is the critical exponent of the XY universality class, see Table I . Using data within the self-consistent window R ξ (β, L) ∈ [R * ξ (1 − δ), R * ξ (1 + δ)] with δ = 0.2, we obtain the estimate β c = 1.9629 (2) . The collapse of the data in Fig. 2 , where we report the data of R ξ versus X, clearly shows the effectiveness of the XY biased fit. In Fig. 3 we report results for the Binder parameter U and the ratio R ξ = ξ/L. The data of U versus R ξ clearly approach a single curve. which matches the corresponding curve computed in the standard nearest-neighbor XY model with action (5) (again we consider cubic lattices with periodic boundary conditions). This test, which does not require any tuning of free parameters, provides the strongest evidence that the phase transition in the gauge model belongs to the 3D XY universality class. Note that scaling corrections are significantly smaller in the gauge theory than in the standard discretizaton of the XY model, though they are hardly visible in Fig. 3 .
We have also checked that XY behavior is also observed for other values of γ; see Fig. 4 , where we report results for γ = 3 and −3. This proves the irrelevance of γ along the transition line. Of course, a crossover is expected in the limit γ → ∞, Indeed, in this limit we should observe an O(N ) critical behavior, with N = N f N c = 6 (results for the O(6) universality class can be found in Ref. [38] ). 
C. The three-flavor lattice SO(3) gauge model
For N f = 3 the LGW effective field theory predicts a first-order phase transition for any number of colors. To verify the prediction, we perform simulations for γ = 0.
Some evidence in favor of a first-order transition is provided by the analysis of the Binder parameter U . At a first-order transition, the maximum U max of U behaves as [39, 40] U max ∼ V . On the other hand, at a continuous phase transition, U is bounded as L → ∞ and the data of U corresponding to different values of R ξ collapse onto a common scaling curve as the volume is increased. Therefore, U has a qualitatively different scaling behavior for first-order and continuous transitions. In practice, a first-order transition can be identified by verifying that U max increases with L, without the need of explicitly observing the linear behavior in the volume. A second indication of a first-order transition is provided by the plot of U versus R ξ . The absence of a data collapse is an early indication of the first-order nature of the transition, as already advocated in Ref. [24] . In Fig. 5 we plot the Binder parameter U versus R ξ . The data, that are obtained at values of β close to the transition temperature β c ≈ 1.76, do not show any scaling. Moreover, U displays a pronounced peak, whose height increases with increasing volume. We take the absence of scaling as an evidence that the transition is of first order.
The first-order transition is also clearly supported by the emergence of a double peak structure in the distribution P (E) of the energy with increasing the lattice size around β c ≈ 1.763. This is shown in Fig. 6 where the energy histograms for L = 32 and L = 48 are compared. Correspondingly the specific heat C V defined in Eq. (22) shows more and more pronounced peaks with increasing L (not shown). However, the expected asymptotic large-volume behaviors, such as C V,max ∼ V of the maximum value C V,max of C V , are not clearly observed yet, presumably requiring larger lattice sizes.
We have also considered the gauge-invariant two-point correlation function of the local operator det ϕ x (note that ϕ af
x is the 3×3 matrix), which may be taken as an order parameter for the Z 2 global symmetry briefly discussed in Sec. II. The correlation function does not show any qualitative change across the transition. It is always short-ranged, confirming that the Z 2 global symmetry is not broken and does not play any role at the transition.
In conclusion, the numerical results for N f = N c = 3 provide a convincing evidence that the transition is of first order for γ = 0. As it occurs for N f = 2, we conjecture that the nature of the transition does not change in a large interval of values of γ around γ = 0. In particular, we conjecture that the transition is of first order for all positive finite values of γ. Note that, for large γ, we expect significant crossover effects, since the transition is continuous for γ = ∞ in the universality class of the O(9) vector σ-model.
V. SUMMARY AND CONCLUSIONS
In this paper we investigate the phase diagram of 3D multiflavor lattice scalar theories in the presence of nonabelian SO(N c ) gauge interactions. We consider the lattice scalar SO(N c ) gauge theory (6) with N f flavors, defined starting from a maximally O(N )-symmetric multicomponent scalar model (N = N f N c ). The global O(N ) symmetry is partially gauged, obtaining a gauge model, in which the fields belong to the coset S N /SO(N c ), where S N is the N -dimensional sphere. Note that, for N c = 2, the action (6) exactly maps onto that of the N fcomponent lattice Abelian-Higgs model characterized by a U(1) gauge symmetry, whose phase diagram has been studied in Refs. [7, 24] . We thus focus on models with N c ≥ 3. For N f ≥ 2 the phase diagram is characterized by two phases: a low-temperature phase in which the order parameter Q f g x defined in Eq. (12) condenses, and a high-temperature disordered phase. The two phases are separated by a transition line, where the SO(N f ) symmetry is broken, as sketched in Fig. 7 . The line ends at the unstable O(N ) transition point with N = N c N f for γ → ∞. The gauge parameter γ, corresponding to the inverse gauge coupling, does not play any particular role: the nature of the transition is conjectured to be the same for any γ. We have numerically verified this conjecture for two values of γ. Along the transition line only the correlations of the gauge-invariant operator Q f g x are critical, while gauge modes are not critical and only represent a background that gives rise to crossover effects.
The nature of the finite-temperature transitions can be investigated using different field-theoretical approaches. On one side, one can use the effective LGW theory with Lagrangian (13) . In this approach based on a gauge-invariant order parameter, only the global symmetry group SO(N f ) and the nature of the order parameter (a rank-two symmetric real traceless tensor) play a role. The gauge degrees of freedom are absent in the effective model. A second approach is based on the continuum SO(N c ) gauge theory, in which the gauge fields are explicitly present. As it occurs for the lattice scalar chromodynamics characterized by an SU(N c ) gauge symmetry [9, 10] , the numerical results agree with the LGW predictions. The LGW framework provides the correct description of the large-scale behavior of these systems, predicting first-order transitions for N f = 3, and continuous transitions for N f = 2, which belong to the XY universality class for any N c ≥ 3.
The results for N f = 2 are in contradiction with the predictions of the continuum gauge model (6): since no stable FP exists for N f = 2, one would expect a firstorder transition. An analogous contradiction was also observed in the case of scalar chromodynamics [9] . This apparent failure of the continuum scalar gauge theory may suggest that it does not encode the relevant modes at the transition. Alternatively, the failure may be traced back to the perturbative treatment around four dimensions, which does not provide the correct description of the 3D behavior. The 3D FP may not be related to a four-dimensional FP, and therefore it escapes any perturbative analysis in powers of ε. This has been also observed in other physical systems; see, e.g., Refs. [41, 42] . We finally recall that the two field-theoretical approaches give different results also in the large-N f limit. The LGW theory predicts a first-order transition for any N f ≥ 3 due to the presence of the cubic term. On the other hand, continuous transitions are possible for large values of N f according to the continuum scalar SO(N c ) gauge theory, because of the presence of a stable large-N f fixed point [26, 27] .
